Abstract. This paper presents a numerical algorithm for the linearized ow problem involving complex geometries where analytical solution is impossible. The method centres around calculation of an eigenvalue problem involving the linearised ow and its spatial adjoint, and yields the ow perturbations that grow the most in a prescribed time, the magnitude of that growth and the perturbations after the growth has occurred. Previous work has shown that classical stability analysis of ow past a low-pressure turbine blade gives only stable eigenvalues, which cannot explain transition to turbulence in this ow. The inital value problem for this fan blade is presented and demonstrates signicant perturbation growth, indicating that this growth may be the facilitator for transition in this case.
Introduction
The mechanisms of transition from two-dimensional to three-dimensional ow have been extensively investigated for canonical problems such as at-plate boundary-layer and channel ows and for problems involving more complex geometries, such as the ow past a circular cylinder. For the latter case linear stability analysis has been successfully applied to identify the growing eigenmodes [1] responsible for transition and the onset to turbulence.
The analysis typically proceeds by considering the growth of small perturbations on a known, laminar solution to the Navier-Stokes equations. A subsequent eigenmode analysis yields a Reynolds number above which an instability occurs. In plane Poiseuille ow for instance Tollmien-Schlichting waves grow exponentially (in the linear regime) above that critical Reynolds number and transition occurs via a secondary instability resulting from non-linear eects.
In a recent study [2] the ow past a low-pressure turbine blade (LPT) has been investigated in order to understand the instability mechanisms in this class of ows. This understanding might be crucial for controlling the laminar boundary layer separation which has experimentally shown to increase turbine performance. The initial study showed that eigenmodes obtained using classical linear stability analysis are all stable for the entire investigated parameter space comprising the Reynolds number e and the spanwise perturbation wave lengths v z . This means that modal analysis with secondary instabilities cannot explain transition in this ow.
This apparent paradox can be understood mathematically in terms of system non-normality. Even when the system linearised about a steady ow is asymptotically stable, it can exhibit large transient growth of the perturbation energy before returning to equilibrium. Physically, this growth is understood to be fed by the transport of energy from the steady ow to the perturbations. Perturbations may then grow in accordance with the linear model at sub-critical Reynolds number, to become large enough for nonlinearities to become signicant. Transition then occurs via secondary instability,`bypassing' the classical mechanism [3] . In ows such as plane Poiseuille ow, this`transient growth' has been shown to explain transition [4{6] and previous studies [7] suggest similarities to the ow past the LPT blade. The present study aims to identify modes that are associated to this optimum growth of perturbations as a result of this non-normality.
The initial condition with the most energy growth at time t was found by a calculus of variations method in [4] , for Couette ow and for Poiseuille ow. An approach based on the singular value decomposition of the mapping from the initial condition x 0 to the state x(t) at time t is found in [6] . The current work extends that theory by presenting an algorithm allowing calculation of this decomposition for complex geometry ows where an analytical treatment is prohibitively dicult if not impossible.
Method
The Schmidt decomposition of f(t) in the linear evolution equation x(t) = f(t)x 0 can be expressed in terms of an eigenvalue problem involving f(t) and its adjoint f £ (t). Specically, the singular values of f(t) are the square roots of the eigenvalues of f £ (t)f(t) and the right Schmidt vectors of f(t) are the eigenvectors of f £ (t)f(t). Where f(t) and its adjoint are evaluated by numerical simulation, this eigenvalue problem can be solved numerically, allowing identication of the Schmidt pairs associated with the largest singular values. The rst right Schmidt vector of f(t) gives the initial condition associated with growth of magnitude of the rst singular value. The rst left Schmidt vector is the nal condition that the initial condition evolves into. In this way, the optimal subspace can be found for complex problems where the operators are not known (or determinable) analytically. These Schmidt pairs are associated with the`optimals' discussed in [4] .
The eigenvalues of the compound operator f £ (t)f(t) can be computed using an Arnoldi algorithm. The action of f can be expressed by integrating the linearised Navier-Stokes equations via the linear time stepping scheme of [8] x(t + ¡t) = (I ¡tL) 1 (I + ¡tN U )x(t)Y whose computational implementation is based on a time splitting scheme [9] and discretised using a spectral/hp element technique to capture the ow solution in the complex geometry. Similarly the action of f £ (t) can be expressed by integrating over its spatial adjoint system. Time marching those systems allows the computation of the eigenvalues of f £ (t)f(t) to yield the singular values of f(t).
Optimal Growth Modes in Low Pressure Turbine Flow
The following results are concerned with the optimal two-dimensional perturbations for the steady base ow past the Low Pressure Turbine blade, whose linear stability has been extensively investigated in previous studies [2, 10] . Considering the complex two-dimensional conguration of the blade shows the mode associated to the largest singular value. A strong energy concentration can be made out in the shear layers around the separation bubble ( Fig. 1) , which is suspected to be the origin of instability and transient growth for this ow. The modes identied in a preceeding pseudo-spectrum analysis [10] substantiates the potential for growth within the bubble, which raises the question of receptivity of the here presented mode vs. sensitivity due to forcing of the latter one Considering how the perturbation evolves in a given time, one can seen that the energy of the here identied mode grows signicantly as it travels downstream (Fig. 2) .
